Extended Supersymmetric cr-Model 
Based on the SO(2N+l) Lie Algebra 
of the Fermion Operators* 

Seiya NISHIYAMAj Joao da PROVIDENCIA* 

Constanga PROVIDENCIA§ and Flavio CORDEIRO^ 

Centro de Ffsica Teorica, Departamento de Ffsica, 
Universidade de Coimbra 
P-3004-516 Coimbra, Portugal 

February 2, 2008 



Abstract 

Extended supersymmetric a-model is given, standing on the S0{2N+1) Lie algebra 
of fermion operators composed of annihilation-creation operators and pair operators. 
Canonical transformation, the extension of the S0{2N) Bogoliubov transformation 
to the 50(2A^ + 1) group, is introduced. Embedding the S0{2N + 1) group into an 
SO{2N + 2) group and using "^^^^^^^^ coset variables, we investigate a new aspect of 

SO{2N+2) 



the supersymmetric o"- model on the Kahler manifold of the symmetric space ^j/pv^T)^- 
We construct a Killing potential which is just the extension of the Killing potential 
in the ^^^^^ coset space given by van Holten et al. to that in the ^^^^^"^^ coset 
space. To our great surprise, the Killing potential is equivalent with the generalized 
density matrix. Its diagonal-block matrix is related to a reduced scalar potential with 
a Fayet-Ilipoulos term. The reduced scalar potential is optimized in order to see the 
behaviour of the vacuum expectation value of the a- model fields and a proper solution 
for one of the SO{2N + 1) group parameters is obtained. We give bosonization of 
the SO{2N+2) Lie operators, vacuum functions and differential forms for their bosons 
expressed in terms of the coset variables, a U{1) phase and the corresponding 

Kahler potential. 
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1 Introduction 



The supersymmetric extension of nonlinear models was first given by Zumino under 
the introduction of scalar fields taking values in a complex Kahler manifold p]. The higher 
dimensional nonlinear a-models defined on symmetric spaces and on hyper Kahler manifolds 
have been itensively studied in various contexts in modern versions of elementary particle 
physics, superstring theory and supergravity theory [2l |3l IH [5] . 

In nuclear and condensed matter physics, the time dependent Hartree-Bogoliubov (TDHB) 
theory |6l [7] has been regarded as the standard approximation in the many-body theoretical 
descriptions of superconducting fermion systems [SI IS]- In the TDHB an HB wavefunction 
(WF) for such systems represents Bose condensate states of fermion pairs. It is a good ap- 
proximation for the ground state of the system with a short-range pairing interaction that 
produces a spontaneous Bose condensation of the fermion pairs. Number-nonconservation of 
the HB WF is a consequence of the spontaneous Bose condensation of fermion pairs. Stand- 
ing on the Lie- algebraic viewpoint, the pair operators of fermion with indices form the 
S0{2N) Lie algebra and accompany the U{N) Lie algebra as a sub-algebra. S0{2N)(^ g) 
and U{N)(=h) denote the special orthogonal group of 2N dimensions and the unitary group 
of dimensions, respectively. One can give an integral representation of a state vector on 
the group g, the exact coherent state representation (CS rep) of a fermion system It 
makes possible global approach to the above problem. The canonical transformation of the 
fermion operators generated by the Lie operators in the S0{2N) Lie algebra induces the 
well-known generalized Bogoliubov transformation for the fermions. The TDHB equation 
has been derived from the Euler-Lagrange equation of motion (EOM) for the | = coset 
variables by one of the present authors (SN) [11]. The TDHB theory is, however, applicable 
only to even fermion systems. For odd fermion systems we have no TD self-consistent field 
(SCF) theory with the same level of the mean field (MF) approximation as the TDHB. 

van Holten et al. have discussed a procedure for consistent coupling of gauge- and matter 
superfields to supersymmetric a-models on the Kahler coset spaces. They have presented 
a way of constructing the Killing potentials and have applied their method to the explcit 
construction of supersymmetric cr-models on the coset spaces ^^jj^- They have shown that 
only a finite number of the coset models can be consistent when coupled to matter superfields 
with U{N) quantum numbers reflecting spinorial representations of S0{2N) [2j. Higashijima 
et al. have given Ricci-fiat metrics on compact Kahler manifolds, [su(n^-^m)xU{m)] ' ^u^n)^ 
and and non-compact Kahler manifolds, applying their technique of the gauge theory 

formulation of supersymmetric nonlinear cr-models on the hermitian symmetric spaces [3j- 
Preceding these works, Deldug and Valent have investigated the Kahlerian cx-models in 
two-dimensional space-time at the classical quantum level. They have presented a unified 
treatment of the models based on irreducible hermitian sjnnmetric spaces corresponding to 
the coset spaces ^ [12j. van Holten has also discussed the construction of a-models on 

compact and non-compact Grassmannian manifolds, s[U{N^><uiM)] s[U{N)><uiM)] PS]- 

One of the most challenging problems in the current studies of nuclear physics is to give 
a theory suitable for description of collective motions with large amplitudes in both even 
and odd soft nuclei with strong collective correlations. For providing the general microscopic 
means for a unified self-consistent description for Bose and Fermi type collective excitations 
in such fermion systems, Fukutome, Yamamura and one of the present authors (SN) have 
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proposed a new fermion many-body theory basing on the S0{2N+1) Lie algebra of fermion 
operators |13] . The set of the fermion operators composed of creation-annihilation and pair 
operators forms a larger Lie algebra, the Lie algebra of the S0{2N+1) group. A representa- 
tion of an 5'0(2A^+1) group has been derived by a group extension of the S0{2N) Bogoliubov 
transformation for fermions to a new canonical transformation group. The fermion Lie oper- 
ators, when operated onto the integral representation of the 5'0(2A^+1) WF, are mapped into 
the regular representation of the S0{2N+1) group and are represented by boson operators. 
The boson images of the fermion Lie operators are expressed by closed first order differential 
forms. The creation-annihilation operators themselves as well as the pair operators are given 
by the Schwinger-type boson representation as a natural consequence [T5l [T6]. 

Along the same way as the above, we give an extended supersymmetric a-model on Kahler 
coset space ^ = '^^/(At+ip biasing on the S0{2N + 1) Lie algebra of the fermion operators. 
Embedding the S0{2N + 1) group into an S0{2N + 2) group and using the coset 
variables [17], we investigate a new aspect of the supersymmetric cr-model on the Kahler 



SO{2N+2) 
U{N+1) ■ 

extension of the Killing potential in the^^^l^^coset space given by van Holten et al. |2jto that 



manifold of the symmetric space jj^jy^-^-, . We construct a Killing potential which is just the 



U{N) 

in the ^^ff^^^ coset space. To our great surprise, the Killing potential is equivalent with the 
generalized density matrix. Its diagonal-block part is related to a reduced scalar potential 
with a Fayet-Ilipoulos term. The reduced scalar potential is optimized in order to see the 
behaviour of the vacuum expectation value of the cx-model fields. We get, however, a too 
simple solution. The optimiztion of the reduced scalar potential plays an important role to 
evaluate the criteria for supersymmetry-breaking and internal symmetry-breaking. To find a 
proper solution for the extended supersymmetryic a-mdoel, after rescaling Goldstone fields 
by a mass parameter, minimization of the deformed reduced scalar potential is also made. 

Previously, using the above embedding we have developed an extended TDHB (ETDHB) 
theory, in which paired and unpaired modes are treated on the same footing [TH [TT]. The 
ETDHB applicable to both even and odd fermion systems is a TDSCF with the same level of 
MF approximation as the usual TDHB for even fermion systems [9J . The ETDHB equation 
is derived from a classical Euler-Lagrange EOM for the ^^jjj^"^^ coset variables. 

In sect. 2, we recapitulate briefly an induced representation of an S'0(2A^+1) canonical 
transformation group. In sect. 3, an embedding of the 5'0(2A^+1) group into an S'0(2A^+2) 
group is made and introduction of ^^'(J^'^^ coset variables is also made. In sect. 4, we give 

an extended supersymmetric a-model on the coset space ^^'(J^'^^ based on the S'0(2A^+1) 
Lie algebra of the fermion operators and study a new aspect of the extended supersymmetric 
(J- model on the Kahler manifold, the symmetric space ^^^^^y^- In sect. 5, the expressions 
for Killing potentials in that coset space are given and their equivalence with the generalized 
density matrix is proved and then a reduced scalar potential is derived. Finally, in sect. 6, we 
give discussions on the optimized scalar potential and concluding remarks. In Appendix, we 
give a bosonization of the S'0(2iV-|-2) Lie operators, vacuum functions and differential forms 
for their bosons expressed in terms of the corresponding Kahler potential, the coset 
variables and a U{1) phase and make a brief sketch of derivation of the ETDHB equation 
from the Euler-Lagrange EOM for those coset variables in the TDSCF. Throughout this 
paper, we use the summation convention over repeated indices unless there is the danger of 
misunderst anding . 
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2 The SO(2N+l) Lie algebra of fermion operators and 
the Bogohubov transformation 

Let Cq and cj,, a = l,- ■■, N, be annihilation and creation operators of the fermion satisfying 
the canonical anti-commutation relations 



{Ca, 4} = 6af3, {Ca, Cp} = {4, cjj} 



0. 



(2.i; 



We introduce the set of fermion operators consisting of the following annihilation and creation 
operators and pair operators: 



E 



-E. 



'(3a- 



N) J 



(2.2) 



It is well known that the set of fermion operators (12.21) form an S0{2N + 1) Lie algebra. 
As a consequence of the anti-commutation relation (12. ip . the commutation relations for the 
fermion operators (12. 2p in the S0{2N + 1) Lie algebra are 



5^pE% - S^sE\, iU{N) algebra) 



(2.3) 



^asEf^j — da^yEf^s, 



[Ea/3, E-ys] = 0, 



C/3j 



2E% [c^, cp] = 2E, 



a(3, 



[Ca, E^^^] = 6al3Cy, [Ca, Ep^] = 0, 



(2.4) 



(2.5) 



We omit the commutation relations obtained by hermitian conjugation of (12.41) and (12. 5p . 
The S0{2N + 1) Lie algebra of the fermion operators contains the U{N){= {£'"^}) and the 
S0{2N){= {E"f^, E"^, Ea/s}) Lie algebras of the pair operators as sub-algebras. 

An S0{2N) canonical transformation U{g) is generated by the fermion S0{2N) Lie 
operators. The U {g) is the generalized Bogoliubov transformation specified by an S0{2N) 
matrix g 

Uig)ic,c^)U^{g) = ic,c^)g, (2.6) 

a b 
b a 
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dcf 



9^9 = 99^ 



1 



det g = 1, 



(2.7) 



U{g)U{g') = U{gg'), U{g-^) = U'^g) = U\g), [/(l^^) = I, (unit operator on g), (2.8) 
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where (c, c^) is the 2A^-dimensional row vector ((cq), (cJj,)) and a 



and b = {ba/3) are 



NxN matrices. The bar denotes the complex conjugation. The HB (5'0(2A^)) WF \ g> is 
generated as \g> = U{g) \ > where | > is the vacuum satisfying Cq,| > = 0. The matrix g 
is composed of the matrices a and b satisfying the ortho-normahzation condition. The | g > 
is expressed as 



g> = <0\Uig)\0>exp{'^- q^pcicl)\0 



>, 



[det(ljv + gtg)] ' e"^ 



<0\Uig)\0> = ^ooig) = [detia)]-^ 
q = ba^^ = —q^, (variables of the coset space), r 



In 



det(a*) 
det(a) 



(2.9) 
(2.10) 

(2.11) 



where det means determinant and the symbol t denotes the transposition. 

The canonical anti-commutation relation gives us not only the above Lie algebras but 
also the other three algebras. Let n be the fermion number operator n = c^^Ca- The operator 
(— 1)" anticommutes with Cq, and cj^,; 



(-i)n = {ci (-1)"} = 0. 

Let us introduce the operator 6 defined by Q = 6aC^^ — OaCa- Due to the relation 
we have 



e 



Z = COS 9, Xa 
From ^J^, inrm and flTT^ . we obtain 

e®(c«,cL^)(-l)"e-« 



Z + XaC}^ — XaCa, XaXa + Z"^ — 1, 
6a 



sine, 9' 



(2.12) 



(2.13) 



(c^,4,i=)(_l)nG^, 



G 



def 



Sf3a — XpXa XpXa —\plZXp 

X = XpXa 5 /3a — XpXa ^J^ZXp 

y/2ZXa -y/2ZXa 2Z2 - 1 
Let G be the {2N + 1) x {2N + 1) matrix defined by 



(2.14) 





a 


b 


o" 




' a-XY 


b + XY 


-V2ZX' 


Xa = of^pYiS — 


bapYp., 


G = Gx 


b 


a 







b + XY 


a-XY 


^ZX 


, Ya = Xpa^^ — 


Xjjbjja, 










1 




V2ZY 


-^/2ZY 


2^2-1 


YaYa + Z"^ 


= 1, 



(2.15) 



where X and Y are the column vector and the row vector, respectively. The S0{2N + 1) 
canonical transformation U{G) is generated by the fermion S0{2N + 1) Lie operators. The 
U (G) is an extension of the generalized Bogoliubov transformation U{g) [7] to a nonlinear 
transformation and is specified by the S0{2N + 1) matrix G. We identify this G with the 
argument G of U{G). Then U{G) = U{Gx)U{g) and f/(Gx) =exp(e). 
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From fl2.6p . fl2.14l) and fl2.15p and the commutabihty of U{g) with (—1)"", we obtain 

X/3 



V2^ 





A/3a 




1)" 


B/3a 












I V2 


V2 



V2 
V2 



(2.16) 



where 



Aa(3 — O-a/B — ^aY/B — CLajJ — 
BajS = bai3 + XaYp = bajj + 



2{l + z) 



2(1 + z)' 
2ZX„, ya = 2ZYa, z = 2Z^-l. 



(2.17) 



By using the relation U{G){c, c\ ■j^)U^{G) = U{G){c, c\ ^)f/t(G)(z+p)(-l)" and the third 
column equation of (12.16p . Eq. ( 12.16^ can be written as 



[/(G)(c,ct, -^WHG) = (c,ct, i=)(^ - p)G, 



G 



def 



A 


B 


B 


A 


y 


y 


I V2 


V2 



X 



z 



G^G = GG^ = 1 



2N+1, 



detG = 1, 



f2.18) 



(2.19) 



U{G)U{G') = U{GG'), U{G-') = U-\G) = U\G), f/(l2^+i) = Ig, (2.20) 
where (c, , ^) is a (2A^+l)-dimensional row vector ((cq,), (cJj), ^) and A = (A"^) and 
B = (Bajj) are NxN matrices. The U{G) is a nonlinear transformation with a g-number gauge 
factor z — p where p = Xacl^ — x^Ca and p^ = —XaXa = z"^ — 1 [H]. The matrix G is a matrix 
belonging to the S0{2N + 1) group. It can be transformed to a real (2A^ + l)-dimensional 
orthogonal matrix by the transformation 



O = VGV 



-1 



V 



f2.211 





When z = l, the G becomes an ^0(2iV) matrix g. The ^0(2Ar + l) WF | G> = U{G)\0> 
is expressed as [TTl HB] 

,1 
2 



G> = <0|f/(G)|0>(l + r„4)exp(^-g„;344)|0>, 



(2.22) 



" 1 + z' 
<0\U{G)\0> = $oo(G) 



l + z 



[det(U + gtg)] -^e'i. 



(2.23) 
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3 Embedding into an SO(2N+2) group 

Following Fukutome [18j, we define the projection operators /+ and P onto the sub-spaces 
of even and odd fermion numbers, respectively, by 



(3.1) 



and define the following operators with the supurious index 0: 



dcf 



-^i-ir = i^{p--p+), 



pa t p - p po p _ p „ 



E' 



def 



±P^ 



-P-cL E 



Oa 



def 



-E 



aO 



def def 

EnQ = C^P— = Pj^Ca, E^n = — En 



(3.2) 



The annihilation-creation operators can be expressed in terms of the operators fl3.2p as 
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(3.3) 



We introduce the indices p, g, ■ ■ ■ running over A^-|-l values 0, 1, ■ ■ ■ , A^. Then the operators 
of (12.21) and (13.21) can be denoted in a unified manner as E^^, Epg and E^'^. They satisfy 

EPl = E'^^, EP'i = El, E„ = -E,p, {p,q = 0,1,-- ■, N) ' 
[EPg, E-,] = 5grEP, - 5psE\, {U{N + 1) algebra) 

[E^q^ Ers 
[EP^, Ers 
[Epq, Ers] = 0. 



^psEqr SprEqsj 

^pgE'^r ~\~ dqrE^g Sp^E'^^ SqsE^ri 



(3.4) 



The above commutation relations in (13. 4p are of the same form as (12.31) and (12. 4p . 
Instead of (13. 2p . it is possible to employ the operators 

E'o = li-ir = liP+-P-), E% = ciP^, E\ = c^P-. 



(3.5) 



Denoting i?"^ = E'^f^, it is shown that the operators E^g, p, q = 0, 1, ■ ■ ■ , N, satisfy 

E^l = E%, E',] = SqrE^s - 5psE\. {U{N + 1) algebra) (3.6) 

The Lie algebra U{N -|- 1) is a U{N + 1) Lie algebra but it is not unitarily equivalent to 
Two Clifford algebras C2N and C2N+1 can be constructed from the fermion operators: 



Mr. 



4' 



(c„-4)(-l)", M,+^ = 2(c„ + ct )(-!)", Mo = (-l)". 



(3.7) 
(3.8) 



These operators satisfy 

{Mi, Mj} = 25ij, (z, J = 1, ■ ■ ■ , 2N) (3.9) 

{M,, M,} = 26,,. (t, J = 0, 1, ■ ■ ■ , 2N) (3.10) 

= {Mi] i = l, ■■■ , 2N} and C2N+1 = {Mf, i = 0, 1, ■■■ , 2N} are the Chfford algebras 
of 2N and 2N + 1 dimensions, respectively [191 120] • They provide the bases to characterize 
the canonical transformations generated by the S0{2N) and S0{2N + 1) Lie algebras. 

The S0{2N + 1) group is embedded into an S0{2N + 2) group. The embedding leads 
us to an unified formulation of the S0{2N + 1) regular representation in which paired and 
unpaired modes are treated in an equal way. Define (A^+1) x (A^+1) matrices A and B as 

X 

x^b. (3.11) 





' A 


X - 




A = 


y 








- 2 


2 J 





B 



y 
2 



y 



T 

X a 



Imposing the ortho-normalization of the G, matrices A and B satisfy the ortho-normalization 
condition and then form an S0{2N + 2) matrix Q represented as [17] 

A B 



B A 



g^g = gg^ = 1 



2N+2, 



(3.12) 



which means the ortho-normalization conditions of the N + 1-dimensional HB amplitudes 

A^A + B^B = 1n+i, A^B + B^A=0, 

(3.13) 



0. 



AA^ + BB'^ = 1n+i, AB^ + BA^ 
The matrix g satisfies det ^ = 1 as is proved easily below 

det g = det {A - BA-^B) det A = det [AA^ - BA'^BA^) = 1. 
By using (12.17^ and (12.15^ . the matrices A and B can be decomposed as 

b 



A-- 



- T 

xr 



2 

1 + z)r^ 



X 

~2 
l + z 





■ a " 






_ 1 _ 





2 2 

from which we get the inverse of A, A^^, as 

■ ^ 

A-' = 

1 

From (13.151) and (13.161) . we obtain a 



Q = BA-^ 



In + 



T -1 

xr q 



X 

2 



[1 + z)r^q ^ 1 







1 



(3.14) 



(3.15) 



X 



l + Z 
1 



(3.16) 



coset variable with the A^+l-th component as 



q r 
-r^ 



(3.17) 



from which the S0{2N + 1) variables g^/? and Tq, are shown to be just the independent 

SO{2N+2] 
U{N+1) 



variables of the ^?T^lf.'\'^^ coset space. The paired mode qap and unpaired mode variables 



in the S0{2N + 1) algebra are unified as the paired variables in the S0{2N + 2) algebra 
|17j . We denote the (A^ + l)-dimension of the matrix Q by the index and use the indices 
p, q, ■ ■ ■ running over and a, P, ■ ■ ■ . 
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4 cr-model on the SO(2N+2)/U(N+l) coset manifold 

Let us introduce a {2N + 2) x (A^ + 1) isometric matrix U by 

=[B'^, X"]. (4.1) 

If one uses the matrix elements of lA and W as the co-ordinates on the manifold 5'0(2A^ + 2), 
a real line element can be defined by a hermitian metric tensor on the manifold. Under the 
transformation U VU the metric is invariant. Then the metric tensor defined on the 
manifold may become singular, due to the fact that one uses too many co-ordinates. 
According to Zumino |JJ, if A is non-singular, we have relations governing U'^U as 



WU = A^A + B^B = A^ + (BA-^)^ {BA'^)^ A = A^ (ijv+i + Q^Q) A, 
In det U^U = In det (ijv+i + Q^Q) + In det ^ + In det A^ , 

30{2N+2] 
U{N+1) 



(4.2) 



where we have used the '^^i^^^tf'' coset variable Q (13.171) . If we take the matrix elements of 



Q and Q as the co-ordinates on the u\n+i) coset manifold, the real line element can be 



SO(2N+2) 
U(N+1) 

well defined by a hermitian metric tensor on the coset manifold as 

ds^ = rsdQ^'dQ^ (Q^« = Qp, and = Q^, G,^ rs = Qrs p,)- (4.3) 



We also use the indices r, s, ■ ■ • running over and a, /3, ■ ■ • . The condition that the 
manifold under consideration is a Kahler manifold is that its complex structure is covariantly 
constant relative to the Riemann connection: 

^ def dQpq 

rs ^ ^ def dQpq 

ypg rs ,tu ~QQtu~ — PI TA ,tu dQ!'^ ~ '~' \ I 

and that it has vanishing torsions. Then, the hermitian metric tensor Qpq rs can be locally 
given through a real scalar function, the Kahler potential, which takes the well-known form 

IC{Q\ Q) = In det (l^+i + Q) , (4.5) 

and the explicit expression for the components of the metric tensor is given as 



fpq rs 



d^lC{Q\ Q) 



{(W + QQ^) {(W + Q^Q) '} 



qr 



(4.6) 



s) — {p q) + ij) q, r ^ s). 



Notice that the above function does not determine the Kahler potential }C{Q\ Q) uniquely 
since the metric tensor Qpqrs is invariant under transformations of the Kahler potential, 

ICiQ\ Q)^IC'{Q\ Q) = 1C{Q\ Q)+^(Q)+^(Q). (4.7) 

JF(Q) and T{Q) are analytic functions of Q and Q, respectively. In the case of the Kahler 
metric tensor, we have only the components of the metric connections with unmixed indices 

-p tu p vii) tur> tlk ntu vw p r>vw_ tu def /. q\ 

pq rs ^ 1™ ^rs} ^ pq rs ^ t^tiui rs ,pqi y \y Jmv tui l^""J 



and only the components of the curvatures 

"J n "p t'u' -p v'w' '\ 

r>pq vw ,tu rs Vt'u' v'w' ^ pq tu'- rs vw^ \ 

(4.9) 



15 (1 n n "p t'u' p 

-'^pq TTs tu mv z'vw vw '- pq tu il^ ^PQ LI Vt'u' v'w' '- pq tu rs 



Rrs pq vw tu Gtu tu^ rs vw ,P<] Rpq rs tu vw • 

In two- or four-dimensional space-time, the simplest representation of TV = 1 super- 
symmetry is a scalar multiplet = {Qjipi, H} where Q and H are complex scalars and 
ipL = ^{l + 75)'?/' is a left-handed chiral spinor defined through a Majorana spinor. In super- 
space language the multiplet is written as a chiral superfield: 

0= Q + ^nV^L + MLi^. (4.10) 
The most general theory of the supersymmetric cr-model can be constructed from the [A^] 

scalar multiplets 0[°1 = {Q'"^ "^l*^, -^'"'}(M — ' ' ' ^ i-^])- The supersymmetry transforma- 
tions are given by 

SQi-] = en^Pi\ 5^"^ = Im'-^en + H^'^^l), SH^'^^ = eL0^\ (4.11) 

where e is the Majorana spinor parameter. 

Let the Kahler manifold be the coset manifold and redenote the complex scalar 

fields Qpq as Q["]([a] = 1, ■ ■ ■ , (= [N])) and suppose that the spinors ip^l^'^ and tjj^^'^ 

span the fibres. Following Zumino pQ and van Holten et al. [TB], the Lagrangian of a 
supersymmetric a-model can be written completely in terms of co-ordinates on the fibre 
bundle in the following form: 



-0[a]\a]W,\a]W,la] + ^-R^ [/3] [7] H^F TmV'l Ta^V^^ , 



(4.12) 



and the Kahler covariant derivative is defined as Dp^ip^^^ =^ 9^'0^' + Tj^^'^j'^^'f^/iQ''*^'. The 
curvature tensors R are given by fl4.9p . This form of the Lagrangian has also been derived 
by Higashijima and Nitta with the use of the Kahler normal co-ordinate expansion of the 
Lagrangian C = J d^9]C{(j)\ 0) [21]. The Lagrangian £chirai (14. 12p is manifestly a scalar 
under the general co-ordinate transformations Q^"' — Q'^°'^ on the manifold, provided that 
the fermion transforms as a vector and the superpotential does as a scalar: 

^'t"^ = ^^i'^' w'iQ') = wiQ)- (4-13) 



^'"^ = ra4^V? + ^[""^iw^,[/.]. (4.14) 



The auxiliary fields H^""' are eliminated through their field equations 

[/3][7] 

The right-handed chiral spinor ippt is defined as ippt = Ctpl and C is the charge conjugation. 
The comma , [a] (, [a]) denotes a derivative with respect to Q^"' (Q^), while the semicolon 
denotes a covariant derivative using the affine connection defined by the r[^']*['^]: 
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5 Expression for SO(2N+2) /U(N+1) Killing potential 



Let us consider an S'0(2A^ + 2) infinitesimal left transformation of an S0{2N + 2) matrix 
Q to Q', Q' = (l2Ar+2 + by using the first equation of (]A.3|) : 



1n+i + SA 6B 
6B 1n+i + SA 

SO{2N+2) 



A + 6AA + 6BB B_ + 6AB_- 
B + SAB + SBA A+6AA 



6BA 
-5BB 



(5.i; 



Let us define a '^'^'f^^"^^' coset variable Q'(^B'A' ^ 
the Q' is calculated infinitesimally as 

Q' = B'A!~^ ={B + 6AB + 6BA) [A + 6AA + 6BB) 
= Q + 6B- Q6A + SAQ - QSBQ. 



in the Q' frame. With the aid of (15. ip . 



(5.2) 



The Kahler metrics admit a set of holomorphic isometries, the Killing vectors, 7^*1"] ( Q) 
and (i = 1, ■ ■ ■ , dim^), which are the solution of the Killing equation 



(5.3) 



These isometries define infinitesimal symmetry transformations and are described geomet- 
rically by the above Killing vectors which are the generators of infinitesimal co-ordinate 
transformations keeping the metric invariant: 6Q= Q'—Q = TZ{Q) and SQ = TZ{Q) such that 
G'{Q, Q)=Q{Q, Q)- The Killing equation 05.31) is the necessary and sufficient condition for 
an infinitesimal co-ordinate transformation 



6Q^''^ = {6B-6A^Q-Q6A+Q6B^Qy'"^=^in'^°'\Q), 6Q^^ =^,n'^\Q), 



(5.4) 



where are the infinitesimal and global group parameters. Due to the Killing equation, 
the Killing vectors 7^^["](Q) and TZ'^iQ) can be written locally as the gradient of some real 
scalar function, the Killing potentials A4\Q, Q) such that 



](Q) = ^-M\[o 



(5.5) 



According to van Holten et al. |2j and using the infinitesimal S0{2N + 2) matrix 6Q 
given by the first equation of (]A.3|) . the Killing potential can be written for the coset 

SO{2N+2) 



U{N+1) 



as 



{6 A, 6B, 6B^) = Tr (6gM^ = tr {6AM^5a + SBM^sBt + SB^^sb) 



SB"! 



> (5.6) 



-M^SB -M^saT^ _\ M^SB=M^SB, M^SB^=M^SBU 

where the trace Tr is taken over the (2A^ + 2) x (2A^ + 2) matrices, while the trace tr is taken 
over the (A^ -|- 1) x (A^ + 1) matrices. Let us introduce the (A^ + 1) -dimensional matrices 
7^(Q; 60), 7^T(Q; 60) and X by 

niQ;60)=6B-6A^Q-Q6A+Q6B^Q, nTiQ;60) = -6A^ + Q6B\ 

(5.7) 

^ = ( W + QQt)-i = A't. 
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In fl5.4p . putting = 1, we have 5Q = 1Z{Q; 5Q) which is just the Kilhng vector in the coset 
space and tr of the holomorphic matrix- valued function 1Zt{Q] 5Q), trTZriQ', 6G) = 

^{Q) is a holomorphic Kahler transformation. Then the Killing potential A^^ is given as 



>(5. 



-tM. (Q, Q; 5g) = -trA (Q, Q; 5g) , 

A (Q, Q; 5g) = 7^^(Q; Sg) - n{Q; 5g)Q^X = {Q5AQ^ - 5A^ - SBQ} + Q5B^) X. 
From (15. 6p and (15. 8p . we obtain 

- iM.^B = -XQ, - iM^sB^ = Q^X, - iM.SA = In+1 - 2Q^XQ. (5.9) 
Using the expression for Ai^, equation (15.91) . their components are written in the form 

-^M^SB = -XQ, -iM^sB^ = Q^X, -iM^sA = -Q^XQ, -zM^^^^t = 1n+i-QXQ^ = X. (5.10) 
It is easily checked that the result (15.91) satisfies the gradient of the real function Ai„ (15. 5p . 



Of course, putting r = in Q (I3.17p . the Killing potential in the 



leads to the Killing potential M„ in the 



50(2Af) 
U{N) 



SO{2N+2) 
U{N+1) 



coset space 



coset space obtained by van Holten et al. p]. 



To make clear the meaning of the Killing potential, using the (2A^ + 2)x(A^ + 1) isometric 
matrix W {U^U = Iat+i), let us introduce the following (2A^ + 2) x (2A^ + 2) matrix: 



n /c 

-£ 1n+i - Ti- 



n = BB\ 

/C = BA\ 



(5.11) 



which satisfies the idempotency relation VV^ = VV and is hermitian on the 5'0(2A^ + 2) group. 
W is a natural extension of the generalized density matrix in the S0{2N) CS rep to the 
S0{2N + 2) CS rep. Since the matrices A and B are represented in terms of Q= (Qpq) as 



A=ilN+i + Q^Qy^U, B=Q{lN+i + Q^Qy^l{, ueU{N + l), (5.12) 
then, we have 

7^ = Q(ljv+i + Q^Q)-'Q^ = QxQ^ = In+1 - X, = Q( W + 



XQ (5.13) 



Substituting (I5.13P into (I5.10p . the Killing potential —iAi^ is expressed in terms of the 
sub-matrices TZ and /C of the generalized density matrix (15. lip as 



- iMr 



-n 
/c 



-/c 
-(ijv+i -7^) 



(5.14) 



from which we finally obtain 



-K, In+i - Ti- 



(5.15) 



To our great surprise, the expression for the Killing potential (I5.15P just becomes equivalent 
with the generalized density matrix (15. lip . 



12 



The expression for the Kilhng potential Ai^j is described in terms of the '^YrKt'.Z^' coset 



50(2A^+2) 
U{N+1) 

variable Qpq but include an inverse matrix X given by ( 15. 7p . The variable Qpq has already 
been expressed in terms of the variables qa/3 and through (13.171) . To obtain the concrete 
expression for the Killing potential in terms of the S0{2N + 1) variables and r^, we 
must also represent the inverse matrix in terms of the variables g^/? and r^- Following Ref. 
[22], after some algebraic manipulations, the inverse matrix X in (15.71) leads to the form 



■qr 
•rtr 



x = (ijv + gg^) ^ = x^ 



where each sub-matrix is expressed by the variables q and r as 

l + z 



-x(rr^ — qrr'^q^)x, 



(5.16) 



(5.17) 



(5.1^ 



^qr 2 '^'i ' ' ^T-i r 2 

Then, substituting ( I3.17P and (I5.16P into (15. 9p and introducing an auxiliary function 
X = j-j-'^ — qfr"^ q\ = _xt^ ^ffQ can get the Killing potential M.^ expressed in terms of only g, r 
and 1 + z = 2Z'^ as. 



(5.19) 



SB"! 



q^X-Z^ rr^q^x) Z^ (q^xqr-r) 

r'^X~Z'^r'^X^X Z'^r'^xq^ 



(5.20) 



\]\i — 2q'^Xq^'^Z'^{(l^X'^Xq^q^Xq^'^'^^^'^^q^Xq~^''^'^ — 2g'''xr + 2Z^(g"'"xAx'" + ^'"'^g^X^)" 



(5.21) 



In the above expressions for the Killing potential M.^-, each block-matrix is easily verified to 
satisfy the following identities and relations: 



r^q^X^ = 0, r'^xq'^ = 0, r^xr 



l-Z^ 
Z^ 



1-Z- 

Z2 



(5.22) 



1 - 2r^x^ + 2ZV^xAx^ = - 1, 



(5.23) 



1 - t ^ 1 - t t 



Z2 



Z2 



(5.24) 
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Using these identities and relations, we get compact forms of the Kilhng potential Ai^j as, 

-Xq + Z'^ {xrr^XQ + XQrr'^X) -Z^Xr 
{q^X - Z^ {q^xrr^X + Xrr'^qh)) 



iM 



(ZVtx) 



-Z^Xr) 


(0) 



(5.25) 



5A 



In — 2g^xg + [o^X'^^'^Xq ~ X'^^'^x) — 2Z^g"''xr 

2Z2-1 



-2Z\^xq 

Let us introduce the gauge covariant derivatives 



(5.26) 



(5.27) 



where ^ are gauge fields corresponding to local symmetries and gi are coupling constants. 
They are components of vector multiplets V^ = (A*^, A*, D'), with A* representing the gaugi- 
nos and the real auxiliary fields. With the introduction of the gauge fields in Lagrangian 
f l4.12p . via the gauge covariant derivatives fl5.27p . the cr-model is no longer invariant under 
the supersymmetry transformations. To restore the supersymmetry, it is necessary to add 
the terms 

A^chirai = 2^[,]y (7^^y (Q)#A^^ + ^^[,](Q)A^4"0 - ^7.tr {D\M' + f)} 



(5.2J 



where are Fayet-Ilipoulos parameters. Then the full Lagrangian for this model consists of 
the usual supersymmetry Yang-Mills part and the chiral part 

C = -tr 1^^;,^;, + ^A^^A^ - \d'D'^ + £ehiral(5^ ^ D ^) + A£,hiral. (5.29) 

Eliminating the auxiliary field by = —gi{M.^ + C) (^lot summed for i), we can get a 
scalar potential 

V^sc = -^^?.'tr{(^^ + e)'}, (5.30) 

in which a reduced scalar potential arising from the gauging of SU {N + 1) x f/(l) including 
a Fayet-Ilipoulos term with parameter ^ is of special interest: 

i2 



Vr 



redSC 



9u(l) 



2{N+1) 



-tr i-iMt 



(5.31) 



The new quantities tr {—iAit) and —lAiy in K-edsc are defined below and the trace tr, 
taken over the NxN matrix, is used. Then we have 



tri-iMtV =tr(-iMc 



■SA) 



N + 1 



iMy = tr (-iMc 



■SA) 



tr (-iMr 



■SA 



-N + 2tr(x) + 2ZHr{xrr^) - AZHr{xrr^x) + - 1, 



>(5.32) 



tr {-iM^sA^ = N - 4tr(x) + 4tr(xx) + l2ZHr{xrr'<x) - iGZHr{xxrr''x) 

—AZ^r'^XXf' ■ tr(xrr"l') + SZ^r'I'xxr ■ tr(xrr"l'x) + 1 — 4Z'^r"''xxr, 
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Here we give the proof of the third identity of fl5.22p as 



4^4 
1 

4^4 



(x^ + x^q^)x{x + qx) = -^^{x^X^ + x^q^XI^) 



T- 
X X 



(5.33) 



Z2 



By using the same method as the above, we can approximately calculate the quantities r^xx^ 
and trirr'^) as 



1 



<X> 



4^4 
1 

4^4 

dcf I 1 



-1 



N 



{j^[N + tr{q^q)]} x'x 
[N + tr(gtg)] 



1 t 



Z2 



<x>, 



(5.34) 



trfrr''") = rV = ^t7t(x^ + x'^g^) (x + gx) = -j^^^'X ^x 



1-Z^ 1 
^2 ^> 



4Z4" 



def 



(5.35) 



■.<rr' > 



In f l5.32p . approximating tr(x), tr(xrr"l'), etc. by <x>, <x> tr(rr"l'), etc., respectively, and 
using fl5.34p and (15.351) . tr(— i^Vlo-M) and ti {—iAicrSA)'^ are computed as 



(5.36) 



ti (-iM^sa) = l-iV + 2(2^2-1) <x>, 

tr(-?7W,5^)' =1 + AT -4(2^2-1) <x> +4(2^4- l)<x>2 . 
Substituting (15.361) into (15.311) . we obtain the final form of the reduced scalar potential as 

^^^'^ - {e + l-A^ + 2(2^2-1) <x>}' 

(5.37) 



redSC 



2(Ar+i; 



_^2^_suimiN-2i2Z'~l)<x>+mN-'^)Z'+^Z'-{N+2)}<x>'], 

which is written in terms of the S0{2N+1) parameter Z, the mean value of i-e-, <X>y 
and the Fayet-Ilipoulos parameter ^. 

In order to see the behaviour of the vacuum expectation value of the cx-fields, it is very 
important to analyze the form of the reduced scalar potential. From the variation of the 
reduced scalar potential with respect to Z and <x>, we can obtain the following relations: 

(7^(1) {e+l-iV + 2{2Z'-l)<x>} - 2^7L(^+i) {1 - {{N - 1)Z' + 1) <x>} = 0, (5.38) 



gl^,^ {e+l-iV + 2(2^2-1) <x>} (2^2-1) 
-2^2^(^^,) [2Z2-1 - {2(iV - 1)Z^ + 4Z2 - (iV + 2)} <x>] = 0. 
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(5.39) 



Multiplying by 2Z^ — 1 for (15.381 ) and using fl5.39l) . we have a ^f^-independent relation 
{l-((iV-l)Z2 + l)<x>}(2Z2-l) 

- [2Z2-1 - {2{N -1)Z^ + AZ^ - {N + 2)} <x>] = 0. 



(5.40) 



This relation reads 

(iV + l)(Z2-l) <x>=0, 
from which, since <x>^ 0, we get a very simple solution 



(5.41) 



1 



{9ua)iN - 1) + 2gl^^^^,^ - g'^^,^^} . (5.42) 



This solution just corresponds to the 



SO{2N) 
UiN) 



supersymmetric a-model since Z'^ = l. Putting 



this solution into (I5.37p . the minimization of the reduced scalar potential with respect to the 
Fayet-Ilipoulos parameter ^ is realized as follows: 



Vr 



redSC 



1 N 9u{l)9sUiN+l) 



2N+lgfj^^^ + Ng 



SU{N+1) 



^ + -{2-N{N-l)} 



I TAmin 



redSC' 



N-1-2- 



N 



' ''rcdSC" 



^ 9su{N+l) 

N+1 



N-- 



N 



^ X ^mir 



N' ) 



(5.43) 



To find a proper solution for the extended supersymmetric cr-model, after rescaling the 
Goldstone fields Q by a mass parameter, as van Holten et al. did [21 [13], we also introduce 
the {N + l)-dimensional matrices 7lf{Qf] SQ), 7^/r(Q/; ^Q) and Xf in the following forms: 



1 



f- 



1 



f 



-rj 



>(5.44) 



Due to the rescaling, the Killing potential Ai^ is deformed as 
-^M fAQf,Qf; Sg) = -tiAf (Q^, Qf, 6g) , 

A/ {Qf, Qf, Sg) UfTiQf, Sg) - TZfiQf, 5g)pQ\Xf 



(5.45) 



= (j^QfSAQ) - dX" - f6BQ) + fQfdB^) Xf, 
from which we obtain a /-deformed Killing potential Ai fa 
-iMfaSB = -fXfQf, -tMjaSB^ = fQ]Xf, -iMfaSA = lN+i-2fQ\XfQf. (5.46) 



After the same algebraic manipulations, the inverse matrix Xf in (15.441) leads to a different 
form deformed from the previous one (15.161) 



Xf 



Qfqr Qfr^r 



Xf = {In + fqq^r' = x\. 



(5.47) 
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where each sub-matrix is expressed by the variables q and r and the parameters / and Z as 

Q/ggt =Xf- Z\f{rfr\ - fqffr]q^)xf, (5.48) 

Qfg, = fZ\fqff, Q^,t. = ^^ (5.49) 

which are derived in Appendix E. Substituting (15.441) and fl5.47p into (15.461) and introducing 
a /-deformed auxihary function A/ = rjr|.— /^gfjrjg''" = A|., we can get the /-deformed Kilhng 
potential M. faSA as, 

- iM faSA = 



In- 



+rfrJq^Xf(l-j^rfrJ 



1 1 

-2jq'^Xfrf + 2jZ'^ {q^Xf^^fXfrf 

+rfr]qhfrf) 



1 



1-2— r^Xfrf + 2— Z'^r^^Xf^fXfrf 
in which each block-matrix satisfy the following identities and relations: 



1 



+rjxfqrfrj 



(5.50) 



rJq^Xfrf = 0, r^fXjqrj = 0, rjx/?^/ 



~Z^ 



^fXf^fXfTf 



2\ 2 



(5.51) 

1 - 2-^4^/^/ + ^j2Z'r\xfXfXfrf = j,{2Z' - 1) + 1 " (5-52) 

....^i^.. ,..^^(..-.). 

Using these identities and relations, we get a more compact form of the /-deformed Killing 
potential faSA as. 



faSA- 



1 



l7V-2g"^X/g+2^^ {q^Xfrjrjxfq-j^XfrfrJxf 



-2-Z\^ 



f 



fXfq 



-2jZ'qhfrf 
4(2^'-l) + l-4 



/ 



PI 



. (5.54) 



Owing to the rescaling, the /-deformed reduced scalar potential is written as follows: 

9su{N+i) ^ 



/redSC 



2{N+1) 



-tr (-iTW 



(5.55) 



tT{-iMfty = tT{-iM 



fcrSA) 



'-iM 



fY) 



iM 



fY 



tr (-iM 



fcrSA) 1 



N+1 

in which each /-deformed Killing potential is calculated straight forwardly in the following 
forms: 



tr i-tMf^sA) = (l-2j^N + 2-ltr(x/) + 2j^ZHvixfrfr\) - A^ZHv{xfrfr]xf) 



(5.56) 
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tr HMf^sAf = iV - 4-1(1 - -l)iV - 4-ltr(x/) + ^jMXfXf) 

- j^)Z'trixfrfr}) - 4-1(1 - l)ZHrixfrfr\xf) 

1 1 
+12— ZHrixfTfT^Xf) - lQj^ZHr{xfXfrfr\xf) 

1 1 

-4— ZVj-x/X/r/ ■ tr(x/r/r|) + 8—Z^r\xfXfrf ■ tr(x/r/r}x/) 

+ 2;^(i - ;^)(2^^ - 1) + (1 - - ^j.z'r]: 

The identity below is also derived 

1 1 

^\xfrj = + f^^(l^)Xf{x + fqx) = -^{x^XfX + x^q^XfQx) 



(5.57) 



Ij^Z'^rjxfXfrf. 



4:Z^ 



1-Z' 



(5.58) 



4Z4 Z2 ' 

and approximate formulas for the quantities r'^jXfXf'^f ^i^nd tr(r/r|) can be calculated 



as 



:^{i[iV+/Wg)]r 



l-Z^ 

-^2- <Xf>, 



<Xf>=[j^[N + PtriQk)]] , 

tr (r/r}) =r}r/ = ^(a;'^ + fx^q^){x + fqx) 
1-Z^ 1 



(5.59) 



^ t -1 

^4^ Xf X 



(5.60) 



<X/> 



def t 

= <rfr'j-> . 



In ( ]5.56p and ( ]5.57p . approximating tv(xf), tr(x/^/^/); ^tc. by <X/>) <X/>tr('"/?")-), etc. 
respectively, and using (15.591) and f l5.60p . tr {—iM.faSA) and tr {—iMfaSA}'^ are computed ai 

/ 1 \ 1 ^ 



tr (-zA< j^sa) = 1 + (^1 - 2-1^ iV + 2-1(2^2 - 1) < X/ >, 
tr {~iM f.sA? = 1 + iV - 4-1 (^1 - -1^ iV 

- 4I {-1(2^^ ~ " " 7^) ^ j < ^ +4;^(2^' - 1) < X/ >^ 



(5.61) 



Substituting fl5.61l) into fl5.55l) . we obtain the /-deformed reduced scalar potential as 



/redSC 



2{N+1) 



e + 1 + (l - 2-^^ N + 2-1(2^2 - 1) <x/ > 



+2 



^■st/Cjv+i) 1 
A^ + 1 72 



iV+ ( 1 + 3-1 ) |^Z2<x/> 



1 



(5.62) 



+ l-- iV+ l + - + {2[N -l)Z^ + - {N + 2)}<Xf> 



P 



and, from the variation of this with respect to Z and <Xf>, we get the following relations: 
+ 1 + (1 - 2-^) iV + 2-1(2^2 - 1) < X/ >} 



-2^2 



SU{N+1) 



P 



^-l-.]N+(l + S-]\--{{N-l)Z' + l}<Xf> 



P 



(5.63) 



9uii) 



e + 1 + (1 - 2-^) iV + 2-1(2^2 - 1) <X/> 



(2^2 - 1) 



-2^7,^ 



5C/{Af+l) 



P 



P 



iV+ 1 + 3^ U^-Ml-i iV-i 1 + 4 (5.64) 



- - {2(iV - 1)Z^ + 4Z^-{N + 2)}<Xf> 



2 
0. 



P 



Multiplying by {2Z'^ — 1) for fl5.63p and using (15.641) . we have a (^^-independent relation 



l--p)iV+l + 37^|^-7^{(iV- 1)Z^ + l}<Xf> 



P 



iV+ 1 + 3 



P) P 
1 



P 



1 - 



P 



N- 



- {2{N - 1)Z4 + 4Z2 - (iV + 2)} <x/> 



(2^2-1) 
1 

'P 
0. 



(5.65) 



This relation reads 

{N + 1) {A{Z^ _ 1) < > _ (1 _ /2) } = 0, (5.66) 

through which due to 0<Z^<1 and <x/»0, the rescaling parameter / is shown to satisfy 
P>1. From (15.661) . since <Xf>^ 0, we can finally reach our ultimate goal of proper solutions 
for Z"^ and <Xf> as 



K5.67) 



72 ^ 1 , 1 n _ ^Lr(l)+^^S^(jV+l) 

2 ^ ^ ^ 9ha) {(2-/^)iV-l}-^?Wi) {i^-P)N-2}-9h^,^Pe 
_ 1 1 

2 9u(i) + N9su{N+i) 

This is just the solution for the supersymmetric a-model. The solution (I5.67p . if 

P = l, reduces to a simple solution ( 15.42^ . 



9ha){(^-P)N-l}-gl^^^_,,^{{l-p)N-2}-gl^,^P^ 
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6 Discussions and concluding remarks 



In order to find a proper solution for tlie extended supersymmetric cr-model, 

tfie minimization of the /-deformed reduced scalar potential has been made after rescaling 
Goldstone fields by a mass parameter. Then the proper solutions for and <Xf> (15.671) 
have been produced. In the course of producing such solutions, the Fayet-Ilipoulos term 
has made a crucial role. Substituting f l5.67p into (15.621) . the minimization of the /-deformed 
reduced scalar potential with respect to the Fayet-Ilipoulos parameter ^ is realized as follows: 



1 



/redSC 



2 2 

9u{i)9su(N+i) 



SU(N+l) L 



^4 



T/min 
^ fredSC " 




1 1 



I T/min 
' '^/redSC 



>(6.1) 



Thus we get the minimized /-deformed reduced scalar potential V^^^g^ if we choose the 
Fayet-Ilipoulos parameter ^ to be ^ram- Putting this ^min into (15.671) . we have 



1 
2 



1 1 



<X/>. 

Equations (EH) and (ES]), if f 



2N 1 



if 



1) + 



1 ' 
N 

P>1. 



(6.2) 



, reduce to (15.431) . 

In this paper, we have given an extended supersymmetric cr-model on the Kahler coset 
so{2N+2) ]^g^gj^g Qj-^ ^Yie S0{2N+1) Lie algebra of the fermion operators. Embed- 



space ^ 



U(N+1) 



ding the S'0(2A^+1) group into an S'0(2A^+2) group and using the coset variables 



U{N+1) 



[T7] . we have investigated a new aspect of the extended supersymmetric cx-model which has 
never been seen in the usual supersymmetric a-model on the Kahler coset space "^^l^-* 
given by van Holten et al. [2]. We have constructed a Killing potential, the extension of 



the Killing potential in the 



SO{2N) 



coset space to that in the 



50 (2W+2) 



coset space. To our 



U{N) ^t'^^^ -^^^"^ ^•-'-^ U{N+1) 

great surprise, the Killing potential is equivalent with the generalized density matrix which 
is a useful tool to study fermion many-body problems. Its diagonal-block part is related to 
a reduced scalar potential with the Fayet-Ilipoulos term. The reduced and the /-deformed 
reduced scalar potentials have been optimized in order to see the behaviour of the vacuum 
expectation value of the a-model fields. We have got, if /^ = 1, a simple solution = 1 
corresponding to the ^^^^^ supersymmetric cr-model and the proper solutions for Z'^ and 
<Xf>- The Fayet-Ilipoulos term has made an important role to get such solutions. 

Finally, we have given bosonization of the S'0(2A^+2) Lie operators, vacuum functions 
and differential forms for their bosons expressed in terms of the "^^l^^^^^** coset variables, 
a U{1) phase and the corresponding Kahler potential. This provides a powerful tool for 
describing the Goldstone bosons but accompanying fermionic modes in the present model. 



The effectiveness of 



SO{2N+2) 



Kahler manifold is expected to open a new field for exploration 



U{N+1) 

of low-energy elementary particle physics by the supersymmetric cr-model. 
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Appendix 



A Bosonization of SO(2N+2) Lie operators 

Consider a fermion state vector | \1/ > corresponding to a function "^{Q) inQ G S0{2N + 2): 

I ^> = / uig)\o><o\Wig)\^>dg = juig)\o>^{g)dg. (a.i) 



The g is given by (I3.1ip and (13.121) and the dg is an invariant group integration. When an 
infinitesimal operator Ig+6g and a corresponding infinitesimal unitary operator U{l2N+2+Sg) 
is operated on | \l/>, using U~^{l2N+2 + Sg) = U{l2N+2 — Sg), it transforms | \l/> as 



f/(l 



2N+2 



6g)\'^> = (ig-5^)|^> = J u{g)\ 0x0 



2N+2 



sg)g)\^>dg 



J u{g)\o>^{{i2N+2 + 6g)g)dg = j u{g)\o>{i2N+2 + 6g)^{g)dg, 



(A.2) 



^2N+2 



+ 5g 



Ijv+i + SA SB 
5B In+1 + 5A 



SA^ = -6 A, tT6A = 0, 6B = -5B^ , 



6g = 6APgE'ip + i {dBpgE'^P + 6Bp,E,p) , 60 = 6A\£l + ^ {6B„£'^p + 6Bp,£^p) 



KA.3) 



Equation flA.2p shows that the operation of Ig — 6g on the | in the fermion space corre- 
sponds to the left multiplication by l2N+2+Sg for the variable of the g of the function 
For a small parameter e, we obtain a representation on the ^(^) as 

p{e'^^)^ig) = ^(e'^^g) = ^{g + e5gg) = ^{g + dg), (a.4) 

which leads us to a relation dg = e6gg. From this, we express it explicitly as, 



" dA 


dB ' 




' 6AA + 5BB 


5AB + 5BA ' 


> 


dB 


dA 


= e 


5BA + 5AB 


5AA + 6BB 





dg 



dA - dB 

dA = e— = e(5AA + 5BB), dB = e— = e(5BA + 5AB). 
oe oe 



(A.5) 



A differential representation of p(5^), dp{Sg), is given as 

dp{sg)^{g) -- 



dA^^ d ^dB^J_^dJ^J_^dB,, d 



de dA% de dBpg ' de dA^a ' de dB., 
Substituting flA.51) into flA.6p . we can get explicit forms of the differential representation 



(A.6) 



dp{sg)^{g) = 6g^{g), 

where each operator in 6Q is expressed in a differential form as 

d n ^ Ai ^ /IP ^ 



(A.7) 



qr 



'^dA^ 



d d-d 



'dA'r 

d 



dB, 



qr 



'dB., 



pr 



^ q - ^ q> 



pq 



^pqi 



dA\ 



pq 



t^qp- 



(A.8) 
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We define the boson operators ^^g, -^^q! ^tc, from every variable A^^, A^^, etc., as 



def 



d 



■ V2 

def 1 / 



A 



OA 

_d_ 
dA 



d 



V2 
1 

71 V 



IT drf 1 _ ^ 



dA 



[A, At] = 1, [A, A'] = 1, 



0, 



(A.9) 



[A, A] = [A, A^] = 0, [A\ A] = [A\ A^] 

where ^ is a complex variable. Similar definitions hold for B in order to define the boson 
operators Bpq, Bpq, etc. By noting the relations 



^dA OA 



A^A-A^A A-^-B^ = A''B-B^A, (A.IO) 
oB oA 



the differential operators flA.81) can be converted into a boson operator representation 



SP^ — B^Bqr B^^Bpr A'^^AF^ + AF^ A'^^ — Bpf,Bqr A^^Af^ 



(A.ll) 



AP^Bqj, B ^^AP^ A^^Bpr -\- B ^^A!^^ A. ^.Bqf. A. ^^Bpf,, 

by using the notation A^[^j^=B^ and Bp^j^=A^l to use a suffix f running from to iV and 
from N to 2N. Then we have the boson images of the fermion S'0(2A^+1) Lie operators as 



Bl,B 



I3r 



A'-lB, 



/3f 



A^t0 . 



V2[A''^yr + y^,B^r), yr = ^iA%-B 



Of ■ 



(A.12) 



and = and £oo = 0. The last representation for in flA.12p involves, in addition to 
the original and Baf3 bosons and bosons, their complex conjugate bosons and the 
yr bosons. The complex conjugate bosons arise from the use of matrix Q as the variables of 
representation and the bosons arise from extension of algebra from S0{2N) to S'0(2A^+1) 
and embedding of the S0{2N + 1) into S0{2N + 2). 
Using the relations 

^^det^ = (^-^ydet A al^^^"'^^' = (a.is) 



OA'' 



we get the relations which are valid when operated on functions on the right coset •^'^(^'^+^) 



d 



dB, 
d 



d 



pq 



dQpr' 



dA" 



^s<r<p Q-rp{A 



-1^ <?- 



d 



from which we can derive the expressions ( IC.ll) . 



-(A-') ^— 
2^^ Or' 



SU{N+1) 

(A. 14) 
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B Vacuum function for bosons 

We show here that the function $00 (^) in ^ G S0{2N + 2) corresponds to the free fermion 
vacuum function in the physical fermion space. Then the $00 (^) must satisfy the conditions 

(^£''q + lSp,^^oo{G) = ep,^ooiG) = 0, $oo(W+2) = l. (B.l) 

The vacuum function $00 (^) which satisfy ( IB.ll) is given by $00 (^) = [det(^)] 2 , the proof of 
which is made easily as follows: 



2 



(B.2) 

X (9 X XX d 

= -6p,[det{A)]"^-A\.^[det{A)]'^ = -5pjdet(^)]i ^^^,^det(^) 

= ^5pjdet(^)]l - I I (AA-^pdetiA) = 0, 
^ ^ [det(^)j2 

£:p,[det(^)]^ = {a^S- - B,rg^^ - A\S- + B,r^^ [det{A)]^ = 0. (B.3) 
The vacuum functions $oo(G') in GeS0{2N + 1) and $00(5^) in geS0{2N) satisfy 

Cc^oolG) = (^^;"^ + <l>oo(G) = E^p^oo{G) = 0, $00(12^+1) = 1, (B.4) 

{e""^ + ^5„;3^ '^'oo(^) = e«/3$oo(^) = 0, $oo(l2Jv) = 1- (B.5) 

By using the S0{2N + 2) Lie operators E?"?, the expression ([222]) for the S0{2N + 1) 
WF I (?> is converted to a form quite similar to the S0{2N) WF \g> as 

\G> = <0|f/(G')|0>exp Q ■ Qp.E'"'^ |0>, (B.6) 



where we have used the nilpotency relation [E'^^Y = 0. Equation (IB.6P leads to the property 
U{G)\0> = U{g)\0>. On the other hand, from flSTTSD we get 

1 + z ( 1 — z 1 1 
det^=— — deta, det = <^ — \- — {x^q'^x - x^'x) ^ detb = 0. (B.7) 

Then we obtain the vacuum function $00 (^) expressed in terms of the Kahler potential as 
<0\U{g)\0> = %o{Q) = [det{A)] ^ = e-i'^^s, St)g-i5^ g) 



$oo(^) = $oo(G) = [det(a)]5 = ./^e-^'^^^' ^^^e'^i (B.9) 
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C Differential forms for bosons over SO(2N+2)/U(N+l) 
coset space 

Using the differential formulas (lA.14p . the fermion S0{2N + 2) Lie operators are mapped 
into the regular representation consisting of functions on the coset space The boson 

images of the fermion S0{2N + 2) Lie operators £^ etc. can be represented by the closed 
first order differential forms over the ^^l'^^? coset space in terms of the coset 



U{N+1) 

variables Qp„ and the phase variable r ( = f In 



det(A*) 
det{A) 



U{N+1) 

of the U{N + 1), which is identical 



with the phase variable r (= Mn 



SP^ = Q 



det(a*) 
dot (a) 

d 



pr 



dQgr 



of the U{N) due to the first equation of flB.7p . as 

Qqr~ 



d d 



QvrQ 



d 



d 



■pr=<L.sq 



(C.l) 



which are derived in a way quite analogous to the S0{2N) case of the fermion Lie operators. 
The images of the fermion S0{2N + 1) Lie operators are represented with the aid of those 
of the 5'0(2A^ + 2) operators. From (1C.1I) . we can get the representations of the S0{2N + 1) 
Lie operators in terms of the variables g^/j and Tq, \X7]: 



/3 



d 



d 



E. 



d 



d d 

?/37-^ "^00/3 



a/3 



'-OiP — ^OLf3 + \f alps, — f iSla^j-g;^, ^a/B — QayflSlS 



d d 



d 



d 



I — 



oq^S 
d 



dq 



dr ' 



d 



) (C.2) 



d 



+ cl = -Cc.. (C.3) 



The vacuum function (^qq{G) in G eS0{2N + 1) is given in flB.4p . Using the relations 

c«$oo(G) = 0, 4$oo(G) = f,<l>oo(G), (C.4) 
and the property f/(^)| 0> = f/(G')| 0> f flRGj) and flROl) ). we have a relation 

^ E^M |0>, (C.5) 



Co,U{Q)\Q> = -ga^r^cjcj ■U{G)\0> - (^r„ + g^^cy ' '^oo(G') exp ( - ■ q^si 

from which we easily get the exact identities 

Co.U{g) I > = (-r„ + r^r^cl - g^^cj) ■ U{G) | >, clU{g) | > = ■ U{G) | >. (C.6) 

Successively using these identities, on the U{Q) \ 0>, the operators Cq, and cj^ are shown to 
satisfy exactly the anti-commutation relations of the fermion annihilation-creation operators 

{clcf, + c^cl) Uig)\0> = ■ U{g)\^>, (C.7) 
(c„c^ + c^c^) Um^> = + ^yc.)U{Q)\^> = 0. (C.8) 
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D Euler-Lagrange equation of motion for Hamiltonian 



The expectation values of the fermion Lie operators by the | G> are calculated easily as 



<Cr,> 



a^G{t) 



/c 



(D.l) 
(D.2) 



^uiN^-nf "^oset variable Qp,, as 



where matrix elements TZpg and ICpg are given in terms of the ^wov.^ vcj^icuuiv. 

Using the above expressions, the following relations and derivative formulas are easily proved: 

Q(W-7^) = (iiv+i-^)Q = /c, g/c = £Q = 7^, (d.4) 

on 



dQ. 

dn 



pq 



dQ. 
die 



pq 



dQ. 
d)C. 



pq 



dQ. 



n) 

uqy 

~{^N+1 — TVjpul^vq + (Ia^+I ~ TVjpvl^uq-, 



l^pul^vq l^pvl^uq- 



(D.S) 



Using the property U{G)\0> = U{g)\0> {GeS0{2N + 1), Q eS0{2N + 2)) and ([Bj]), a 
classical Lagrangian of a system embedded into the S0{2N + 2) group is given as 



L{G{t)) = <o\W{g{t)) i^zh^^ - u{gmo> 

= ^tr{(l + QtQ)-l(QtQ _ QtQ)} _ 1^ _ <H>Git) 



(D.6) 



The Euler-Lagrange EOM for the ^^'^f^^'^^' coset variables is calculated to be 



d 




dL 


1 


dt 


KdQj 


dQ 


2 



SO{2N+2) 
UiN+1) 

Qil + Q^Q)-' + {l + QQ^)-'Q 



'Qil + Q^Q)-^Q^Q{l + QQ 



[i + QQ^)-'QQK'^ + QQ^y'Q 



d<H> 



G 



(D.7) 



dQ 



0, 



and its complex conjugate. The Hamiltonian H consists of one-body and two-body operators. 
From (]D.7p . we obtain the Euler-Lagrange EOM for the variable Q as 



h dQ 



(D.S) 



in which a classical Hamiltonian function accompanies additional terms appearing as a clas- 
sical part of Lagrange multiplier terms /cq^ and /q^ to select out a spinor sub-space. Using ( ID.SI) . 
( ID.SP is transformed into an EOM for HB amplitudes which involve effects of unpaired modes 
as well as of paired modes. With the aid of the generalized density matrix (15. lip , we thus 
derive the ETDHB equation in which both modes are treated in a unified way [Ml [T7l [22] . 
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E Derivation of ([538]) and ([539]) 

Using the representation for Qf given in (15.441) . the inverse of the matrix Xf, Xj^^ is 
expressed as 



X]' = 1« + f-qr/ 



from which the inverse matrix Xf (= [Ia^+i + in (15.471) is given as 



(E.l) 



Qfqq^ Qfqr 



Q 



fqq^ 



Xf^ + rfr^f 



1 + r^Tf 

f 



- T t 

- — qrjr^q' 



qr 



Q 



f 



1 + rjrTf 



(E.2) 



frfr = — — ^ (1 + frJq^Qfqr) 

1 + r'jrVf 



Let us introduce an NxN matrix Yf defined in the form 



Yf = Xfrjr} 



- T t 

-^XfqrfTfq^. 



1 + rj-rj 

The Qfqq^ in is related to Yf by 

Qfqq, = {l^ + Yf)-'xf. 
By repeated uses of both the relation and the identity 



(E.3) 



(E.4) 



'fX/rf 



rJq'^XfQrf 



(^1 + r}rf - , rJq^Xfrf = r^Xf^rj = 0, (E.5) 



we can compute Yp (n > 1) as 



2\ 



Z2 



n-1 



-1 



>n-l 



1 



—Xjqrjrjq^ (E.6) 



Using the formula for an infinite summation, an inverse matrix (Iat + Yf) ^ is calculated as 



;u + Yf) 



1 



1 



1 + rj-r/ 



Iat - Z^Xfrfr\ + Z'^PxfQrfvJq'f. 



1 + VfVf 



-XfqrfTfq^ (E.7) 



The geometric series expansion appearing in the right-hand side of the first and second lines 
of flE.7p converge only if Z^ is sufficiently close to 1. However, by direct calculation of 
{lM+Yf){l]^+Yf)~^ using flE.Sp . the last equation of flE.7p and flE.5p . it is proved to be Itv- 
Then one can see that the expression obtained for the matrix {l^ + Yf)'^ in (]E.7p is indeed 
true for all 0<Z2<1. Substituting dElD into dUD and ([Ell), we can get (ICTD and (ICTj) . 
If we put / = 1, we also get (I5.17P and (15.18^ . 
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